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DEFORMATION QUANTIZATION OF A
KA¨HLER-POISSON STRUCTURE VANISHING ON A
LEVI NONDEGENERATE HYPERSURFACE
ALEXANDER V. KARABEGOV
Abstract. We give an elementary proof of the result by Leicht-
nam, Tang, and Weinstein [LTW] that there exists a deformation
quantization with separation of variables on a complex manifold
endowed with a Ka¨hler-Poisson structure vanishing on a Levi non-
degenerate hypersurface and nondegenerate on its complement.
1. Introduction
Let V be a vector space and ν a formal parameter. Denote by
V [ν−1, ν]] the space of formal Laurent series of the form
v =
∑
r≥n
νrvr,
where n is possibly negative and vr ∈ V . The elements of V [ν
−1, ν]] are
called formal vectors. Let M be a Poisson manifold with the Poisson
structure given by a Poisson bivector field η or, equivalently, by a
Poisson bracket {·, ·}. A nondegenerate Poisson structure on M is
equivalent to a symplectic structure given by a symplectic form on M .
Deformation quantization on (M, η) is an associative algebra structure
on C∞(M)[ν−1, ν]] with the product ⋆ (named a star product) given
by the formula
f ⋆ g =
∑
r≥0
νrCr(f, g),
where Cr are bidifferential operators onM such that C0(f, g) = fg and
C1(f, g)− C1(g, f) = i{f, g}. It is assumed that the unit constant 1 is
the unity in the algebra (C∞(M)[ν−1, ν]], ⋆). A deformation quantiza-
tion on M can be localized to the open subsets of M . An important
feature of the deformation quantizations on symplectic manifolds is the
existence of local ν-derivations of the form δ = νd/dν +A, where A is
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a formal differential operator (i.e., A does not contain derivatives with
respect to ν).
Deformation quantizations were introduced in [BFFLS]. The exis-
tence of deformation quantizations on the symplectic manifolds was
shown by [DL], [F], and [OMY]. In the general Poisson case the exis-
tence of deformation quantizations was shown by Kontsevich in [K].
We call a complex manifoldM endowed with a Poisson bivector field
of type (1,1) with respect to the complex structure a Ka¨hler-Poisson
manifold. A nondegenerate Ka¨hler-Poisson structure is equivalent to a
pseudo-Ka¨hler structure given by a pseudo-Ka¨hler form. A deforma-
tion quantization on a Ka¨hler-Poisson manifold is called deformation
quantization with separation of variables (or of the Wick type) if the
operators Cr in the definition of the corresponding star product differ-
entiate their first argument in antiholomorphic directions and the sec-
ond argument in holomorphic ones (or vice versa). Deformation quan-
tizations with separation of variables on an arbitrary pseudo-Ka¨hler
manifold were constructed in [Kar1], [BW], and [RT]. It is not yet
known whether there exists a deformation quantization with separa-
tion of variables on an arbitrary Ka¨hler-Poisson manifold. In [Kar3]
it was shown that such quantizations cannot be obtained at least by
a naive extension of the formula for the star product with separation
of variables on a pseudo-Ka¨hler manifold. However, it turns out that
there exist deformation quantizations with separation of variables of
a Ka¨hler-Poisson structure vanishing on a Levi nondegenerate hyper-
surface and nondegenerate on its complement. Leichtnam, Tang, and
Weinstein proved it in [LTW] using para-Ka¨hler Lie algebroids. Their
work was motivated by the construction of Berezin-Toeplitz deforma-
tion quantization on a complex manifold with strongly pseudoconvex
boundary by Engliˇs in [E]. The goal of our paper is to give an elemen-
tary proof of this fact.
Given a star product ⋆, we denote by Lf and Rf the corresponding
operators of left and right multiplication by an element f , respectively.
The standard deformation quantization with separation of variables
on a pseudo-Ka¨hler manifold (M,ω) has the following local properties
(see [Kar1]). On an arbitrary contractible coordinate chart U with
holomorphic coordinates {zk}
La = a, L 1
ν
∂Φ
∂zk
=
1
ν
∂Φ
∂zk
+
∂
∂zk
,(1.1)
Rb = b, R 1
ν
∂Φ
∂z¯l
=
1
ν
∂Φ
∂z¯l
+
∂
∂z¯l
,
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where a and b are holomorphic and antiholomorphic functions on U ,
respectively, and Φ is a potential of the pseudo-Ka¨hler form ω on
U . These properties determine the standard deformation quantization
with separation of variables uniquely and globally on M . It was shown
in [Kar2] that a local ν-derivation δ = νd/dν + A of the standard de-
formation quantization with separation of variables can be determined
from the formula [
e−
1
ν
Φ
(
ν
∂
∂ν
)
e
1
ν
Φ, Lf
]
= Lδ(f),
where Φ is a local potential of the pseudo-Ka¨hler form ω.
Acknowledgments. The author is very grateful to Professor Alan
Weinstein for the inspiring discussion which stimulated this paper.
2. A Ka¨hler-Poisson structure vanishing on a Levi
nondegenerate hypersurface
We begin with several calculations and reobtain some statements
from [LTW] in the form convenient for our exposition. Assume that
ψ is a real function on a neighborhood U ⊂ Cn. Denote C× = C\{0}
and consider the product U˜ = U × C×. The holomorphic coordinates
on U and C× will be denoted by {zk} and u, respectively. Introduce a
function ρ = ψ(z, z¯)uu¯ and a Hermitian matrix
Γ =
(
∂2ψ
∂zk∂z¯l
uu¯ ∂ψ
∂z¯l
u¯
∂ψ
∂zk
u ψ
)
on U˜ . We will describe the conditions on the function ψ under which
the matrix Γ is nondegenerate. If this is the case, let
Π =
(
Al¯k Bk
C l¯ D
)
be the inverse matrix of Γ, which is equivalent to the following condi-
tions:
(2.1)
∂2ψ
∂zk∂z¯l
uu¯Al¯m +
∂ψ
∂zk
uBm = δmk ,
∂ψ
∂z¯l
u¯Al¯m + ψBm = 0,
(2.2)
∂2ψ
∂zk∂z¯l
uu¯C l¯ +
∂ψ
∂zk
uD = 0,
∂ψ
∂z¯l
u¯C l¯ + ψD = 1.
The matrix Γ can be invertible at a fixed point x˜ = (x, y) ∈ U˜ (with
x ∈ U and y ∈ C×) only in one of the following two cases:
(1) ψ(x) 6= 0;
(2) ψ(x) = 0, ∂ψ(x) 6= 0, and ∂¯ψ(x) 6= 0.
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Since the function ψ is real, the conditions ∂ψ(x) 6= 0 and ∂¯ψ(x) 6= 0
are equivalent to the condition that x is not a critical point of ψ. We
will analyse Case 1 assuming that the matrices Γ and Π are inverse to
each other. Set
(2.3) gkl¯ =
∂2
∂zk∂z¯l
log|ψ| =
1
ψ
(
∂2ψ
∂zk∂z¯l
−
1
ψ
∂ψ
∂zk
∂ψ
∂z¯l
)
.
Solving the second equation in (2.1) for Bm and substituting the re-
sulting expression to the first one, we get(
∂2ψ
∂zk∂z¯l
−
1
ψ
∂ψ
∂zk
∂ψ
∂z¯l
)
uu¯Al¯m = δmk ,
which means, according to Eqn. (2.3), that the matrix (gkl¯) is invertible
and its inverse (g l¯k) is
(2.4) g l¯k = ψuu¯Al¯k = ρAl¯k.
Notice that g l¯k does not depend on the variables u, u¯ and Al¯k is smooth
on U˜ . It easily follows from the calculations above and similar calcu-
lations applied to Eqn. (2.2) that in Case 1 the matrix Γ is invertible
if and only if the matrix (gkl¯) is invertible.
Now consider Case 2. Let x ∈ U be a point where ψ(x) = 0 and
which is not critical for ψ. Introduce the following (n− 1)-dimensional
subspaces of Cn:
V =
{
v = (v1, . . . , vn)|
∂ψ
∂zk
(x)vk = 0
}
,
W =
{
w = (w1, . . . , wn)|
∂ψ
∂z¯l
(x)w l¯ = 0
}
.
The Levi form Q is the bilinear form on V ×W such that
(2.5) Q(v, w) =
∂2ψ
∂zk∂z¯l
(x)vkw l¯.
To determine whether the matrix Γ is invertible, consider its kernel.
Assume that a nonzero vector (v1, . . . vn, a) ∈ Cn+1 is in the kernel of
the matrix Γ, i.e.,
(2.6)
∂2ψ
∂zk∂z¯l
uu¯vk +
∂ψ
∂z¯l
u¯a = 0 and
∂ψ
∂zk
uvk = 0.
It follows from the fisrt equation in (2.6) that the vector v = (v1, . . . , vn)
is nonzero and Q(v, w) = 0 for any vector w ∈ W . The second equation
in (2.6) means that v = (v1, . . . , vn) ∈ V and therefore the Levi form
Q is degenerate. Conversly, if Q is degenerate, there exists a nonzero
vector v = (v1, . . . , vn) ∈ V such that Q(v, w) = 0 for any vector
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w = (w1, . . . , wn) ∈ W . This means that the vector b = (b1, . . . , bn)
such that
bl¯ =
∂2ψ
∂zk∂z¯l
(x)vk
is proportional to the vector(
∂ψ
∂z¯1
(x), . . . ,
∂ψ
∂z¯l
(x)
)
,
which implies that the first equation in (2.6) holds for some constant
a. Thus in Case 2 the matrix Γ is invertible if and only if the Levi form
Q is nondegenerate. Summarizing, we arrive at the following. Assume
that S ⊂ U is a Levi nondegenerate hypersurface given by a defining
function ψ. It means that S is the zero set of the function ψ which
has no critical points on S and the Levi form (2.5) is nondegenerate
on S. The property that S is Levi nondegenerate does not depend
on the choice of the defining function. For any point (x, y) ∈ U˜ such
that x ∈ S the matrix Γ is nondegenerate. Shrinking, if necessary,
the neighborhood U around S we will assume from now on that Γ
is nondegenerate everywhere on U˜ . In this case the function ρ is a
potential of the pseudo-Ka¨hler form
Ω = −i∂U˜ ∂¯U˜ρ
on U˜ . Further, the function log|ψ| is a potential of the pseudo-Ka¨hler
form
ω = −i∂∂¯ log|ψ|
and
η = ig l¯k
∂
∂zk
∧
∂
∂z¯l
is the corresponding Poisson bivector field on U\S of type (1,1) with
respect to the complex structure. Since S is nowhere dense in U , it
follows from Eqn. (2.4) that the Poisson bivector field η has a smooth
extension to the whole neighborhood U which vanishes on S. Thus it
determines a Ka¨hler-Poisson structure on U which is nondegenerate on
the complement of S.
3. Deformation quantization of the Ka¨hler-Poisson
structure on U
Denote by ∗ the star product of the standard deformation quantiza-
tion with separation of variables on (U˜ ,Ω) such that
F ∗G =
∑
r≥0
hrCr(F,G).
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Here h is a formal parameter and F,G ∈ C∞(U˜)[h−1, h]]. We will
denote by L˜F and R˜G the left and right multiplication operators in the
algebra (C∞(U˜)[h−1, h]], ∗) by the elements F and G, respectively, so
that F ∗ G = L˜FG = R˜GF . Adapting Eqns. (1.1) to the star product
∗, we get
L˜a(z,u) = a(z, u), L˜ 1
h
∂ρ
∂zk
=
1
h
∂ρ
∂zk
+
∂
∂zk
,
L˜ 1
h
∂ρ
∂u
=
1
h
∂ρ
∂u
+
∂
∂u
, R˜b(z¯,u¯) = b(z¯, u¯),(3.1)
R˜ 1
h
∂ρ
∂z¯l
=
1
h
∂ρ
∂z¯l
+
∂
∂z¯l
, R˜ 1
h
∂ρ
∂u¯
=
1
h
∂ρ
∂u¯
+
∂
∂u¯
,
where a(z, u) and b(z¯, u¯) are a holomorphic and an antiholomorphic
functions on U˜ . It follows from Eqns. (3.1) that
(3.2) L˜ 1
h
ρ = L˜ 1
h
u ∂ρ
∂u
= L˜uL˜ 1
h
∂ρ
∂u
=
1
h
ρ+ u
∂
∂u
and, similarly,
(3.3) R˜ 1
h
ρ =
1
h
ρ+ u¯
∂
∂u¯
.
It follows from Eqns. (3.2) and (3.2) that
(3.4) L˜ 1
h
ρ − R˜ 1
h
ρ = u
∂
∂u
− u¯
∂
∂u¯
.
is an inner derivation of the algebra (C∞(U˜)[h−1, h]], ∗). According to
[Kar2], there exists an h-derivation δ = h d
dh
+ A of the star product
∗ (where A is a formal differential operator on U˜) such that for F ∈
C∞(U˜)[h−1, h]]
(3.5)
[
e−
1
h
ρ
(
h
d
dh
)
e
1
h
ρ, L˜F
]
=
[
h
d
dh
−
1
h
ρ, L˜F
]
= L˜δ(F ).
Evaluating the operator in Eqn. (3.5) at the unit constant 1 and using
Eqn. (3.3), we obtain
δ(F ) =
(
h
∂
∂h
−
1
h
ρ
)
F + F ∗
(
1
h
ρ
)
=
(
h
∂
∂h
+ u¯
∂
∂u¯
)
F.
In the rest of the paper we identify the functions on U with their lifts
to U˜ and thus we can treat C∞(U) as a subspace of C∞(U˜). Denote
by F(U˜) the subspace of C∞(U˜)[h−1, h]] consisting of the elements
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annihilated by the derivations (3.4) (i.e., commuting with (1/h)ρ) and
δ. These elements can be written as
F =
∑
r≥n
(
h
uu¯
)r
fr,
where n is possibly negative and fr ∈ C
∞(U). The subspace F(U˜) is
a subalgebra of the algebra (C∞(U˜)[h−1, h]], ∗) which does not contain
the formal parameter h as an element. Notice that
1
h
ρ =
(
h
uu¯
)−1
ψ
is a central element in this subalgebra and C∞(U˜) ⊂ F(U˜). Set S˜ =
S × C× ⊂ U˜ . We can define an algebra (F(U˜\S˜), ∗) by replacing U˜
with U˜\S˜ in the construction of F(U˜). Since ρ does not vanish on U˜\S˜,
the element (1/h)ρ has an inverse in the algebra (F(U˜\S˜), ∗) which is
also central. Denote it by κ. Thus κ = h/ρ (mod h2) and
L˜κ =
(
L˜ 1
h
ρ
)−1
.
For any integer n, denote by κ∗n the nth power of the element κ with
respect to the star product ∗. In particular, κ∗(−1) = (1/h)ρ. Since
the operator L˜(1/h)ρ commutes with the pointwise multiplication by
the functions from C∞(U\S), so does L˜κ, and therefore for any f ∈
C∞(U\S) and n ∈ Z
f ∗ (κ∗n) = (κ∗n) ∗ f =
(
L˜κ
)n
f = f ·
(
L˜κ
)n
1 = (κ∗n) · f.
Let ν be a different formal parameter. Define a mapping
τ : C∞(U\S)[ν−1, ν]]→ F(U˜\S˜)
via an h-adically convergent series:
τ
(∑
r≥n
νrfr(z, z¯)
)
=
∑
r≥n
κ∗r ∗ fr(z, z¯) =
∑
r≥n
κ∗r · fr(z, z¯).
Notice that
τ(f) = f, τ(F · f) = τ(F ) · f, τ(ν) = κ,(3.6)
and τ(νF ) = κ ∗ τ(F ) = τ(F ) ∗ κ
for any f ∈ C∞(U\S) and F ∈ F(U˜\S˜). Using the fact that κ∗n =
(h/ψ)n (mod hn+1), it is easy to show that τ is a bijection of the space
C∞(U\S)[ν−1, ν]] onto F(U˜\S˜). Denote by ⋆ the pullback of the star-
product ∗ to C∞(U\S)[ν−1, ν]] via the mapping τ and by Lf and Rf
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the operators of left and right multiplication by f ∈ C∞(U\S)[ν−1, ν]]
with respect to the product ⋆. One can show with the use of Eqns.
(3.6) that ⋆ is actually a star product. Assume that a and b are a
holomorphic and an antiholomorphic functions on U\S, respectively.
Then, using Eqns. (3.6), we get for f ∈ C∞(U\S)[ν−1, ν]] that
τ(a ⋆ f) = τ(a) ∗ τ(f) = a · τ(f) = τ(a · f),
which means that a⋆f = af . Similarly, one can show that f ⋆ b = f · b.
Thus ⋆ is a star product of a deformation quantization with separation
of variables on U\S.
Consider the operator
Ak =
1
ν
∂
∂zk
log|ψ|+
∂
∂zk
=
1
νψ
∂ψ
∂zk
+
∂
∂zk
on C∞(U\S)[ν−1, ν]]. We will need the following technical statement.
Lemma 3.1. Given a function f ∈ C∞(U\S), the formula
(
1
h
∂ρ
∂zk
)
∗ f = τ(Akf).
holds.
Proof. Using Eqns (3.1), we get
(
1
h
∂ρ
∂zk
)
∗ f =
(
1
h
∂ρ
∂zk
)
f +
∂f
∂zk
=(
1
h
ρ
∂
∂zk
log|ψ|
)
f +
∂f
∂zk
=
1
h
ρ ∗
((
∂
∂zk
log|ψ|
)
f
)
+
∂f
∂zk
= τ
(
1
ν
(
∂
∂zk
log|ψ|
)
f +
∂f
∂zk
)
= τ(Akf),
which concludes the proof.
Lemma 3.2. The operator of left multiplication by 1
ν
∂
∂zk
log|ψ| with
respect to the product ⋆ coincides with the operator Ak,
L 1
ν
∂
∂zk
log|ψ| = Ak.
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Proof. Given an element f =
∑
r≥n ν
ffr ∈ C
∞(U\S)[ν−1, ν]], we get
from Eqns. (3.1), Lemma 3.1, and the fact that κ is central, that
τ
(
1
ν
∂
∂zk
log|ψ| ⋆ f
)
=
(
1
h
ρ
∂
∂zk
log|ψ|
)
∗ τ(f) =(
1
h
∂ρ
∂zk
)
∗ τ(f) =
∑
r≥n
κ∗r ∗
(
1
h
∂ρ
∂zk
)
∗ fr =
∑
r≥n
κ∗r ∗ τ(Akfr) =
∑
r≥n
τ(νrAkfr) = τ(Akf),
which proves the Lemma.
Since log|ψ| is a potential of the pseudo-Ka¨hler form ω on U\S,
Lemma 3.2 immediately implies the following
Theorem 3.3. The product ⋆ is the star product of the standard de-
formation quantization with separation of variables on (U\S, ω).
We want to show that the star product ⋆ can be extended to the
whole neighborhood U . This requires some preparations. For r ∈ N
denote by Nr(ν) the following formal number:
Nr(ν) =
r∏
s=1
ν
1 + νs
= νr + . . . ,
where the division by 1 + νs is in the field of formal numbers. Set
N0(ν) = 1.
Lemma 3.4. Given a function f ∈ C∞(U\S), the following formula
holds for any integer r ≥ 0:
τ−1
((
h
uu¯
)r
f
)
= Nr(ν)ψ
rf.
Proof. Using Eqns. (3.1), we have for any s ∈ N:
1
ν
τ−1
((
h
uu¯
)s
f
)
= τ−1
(
1
h
ρ
)
⋆ τ−1
((
h
uu¯
)s
f
)
=
τ−1
(
1
h
ρ ∗
(
h
uu¯
)s
f
)
= τ−1
(
1
h
ρ
(
h
uu¯
)s
f + u
∂
∂u
((
h
uu¯
)s
f
))
=
τ−1
((
h
uu¯
)s−1
ψf
)
− sτ−1
((
h
uu¯
)s
f
)
,
whence
1 + νs
ν
τ−1
((
h
uu¯
)s
f
)
= τ−1
((
h
uu¯
)s−1
ψf
)
.
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Now the statement of the Lemma follows by induction.
Denote by F≥0(U˜) the subspace of F(U˜) consisting of the elements
f =
∑
r≥0
(
h
uu¯
)r
fr,
where fr ∈ C
∞(U). It is a subalgebra of (F(U˜), ∗). Define a mapping
σ : F≥0(U˜)→ C
∞(U)[[ν]] by the formula
σ
(∑
r≥0
(
h
uu¯
)r
fr
)
=
∑
r≥0
Nr(ν)ψ
rfr.
Denote A(U) = σ(F≥0(U˜)) ⊂ C
∞(U)[[ν]]. Since the mapping σ is
injective and local, one can push forward the star product ∗ via σ to
a product on A(U) localizable to the open subsets of U (where it will
be defined on the restrictions of the elements from A(U)). It follows
from Lemma 3.4 that the restriction of that product to U\S agrees
with the product ⋆. Thus it will be denoted by ⋆ as well. Notice that
since C∞(U) ⊂ F≥0(U˜), the product f ∗ g of elements f, g ∈ C
∞(U)
belongs to F≥0(U˜) and thus the term h
rCr(f, g) of the formal series
representing f ∗ g can be rewritten as
hrCr(f, g) =
(
h
uu¯
)r
Dr(f, g)
for some bidifferential operator Dr on U . Since C
∞(U) ⊂ A(U) and
σ(f) = f for any f ∈ C∞(U), we see that for f, g ∈ C∞(U)
f ⋆ g = σ(f ∗ g) = σ
(∑
r≥0
hrCr(f, g)
)
=
σ
(∑
r≥0
(
h
uu¯
)r
Dr(f, g)
)
=
∑
r≥0
Nr(ν)ψ
rDr(f, g).
This formula gives a smooth extension of the star product ⋆ from U\S
to U and shows that f ⋆ g − fg = 0 on S. The results of this paper
can be globalized as follows. Assume that (M, η) is a Ka¨hler-Poisson
manifold such that
• the Ka¨hler-Poisson bivector field η is nondegenerate on the com-
plement of a Levi-nondegenerate hypersurface S ⊂ M , i.e., η
determines a pseudo-Ka¨hler form ω on M\S; and
• for any point x ∈ S there exists a local defining function ψ of
the hypersurface S in a neighborhood of x such that log|ψ| is a
potential of the form ω on the complement of S.
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The results obtained in this paper imply the following theorem
Theorem 3.5. The standard deformation quantization with separa-
tion of variables on the pseudo-Ka¨hler manifold (M\S, ω) extends to
a deformation quantization with separation of variables on the Ka¨hler-
Poisson manifold (M, η).
Example 3.6. Consider a defining function
ψ =
n∑
k=1
|zk|2 − 1
of the unit sphere S ⊂ Cn. The unit sphere S is a Levi nondegener-
ate hypersurface in Cn. On the complement of S the potential log|ψ|
determines the pseudo-Ka¨hler metric
gkl =
1
ψ
(
δkl −
1
ψ
z¯kzl
)
.
Its inverse
glk = ψ
(
δkl − z¯lzk
)
is a Ka¨hler-Poisson tensor which gives a global Ka¨hler-Poisson struc-
ture on Cn. It extends via the inclusion Cn ⊂ CP n given by the formula
(z1, . . . , zn) 7→ (z1 : . . . : zn : 1)
to a Ka¨hler-Poisson structure on the complex projective space CP n
invariant with respect to the projective action of the group SU(n, 1).
There exists a global SU(n, 1)-invariant star product on CP n which
coincides with the star product of the standard deformation quantiza-
tion with separation of variables on the complement of the hypersurface
S ⊂ Cn ⊂ CP n. This invariant star product can be constructed also
by the methods developed in [AL].
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